
A P P L I C A T I O N  O F  T H E  V A R I A T I O N  M E T H O D  T O  

P R O B L E M  O F  T H E R M O M O L E C U L A R  P R E S S U R E  

D I F F E R E N C E  IN A C Y L I N D R I C A L  C H A N N E L  

V .  G .  C h e r n y a k ,  B .  T .  P o r o d n o v ,  
a n d  P .  E .  S u e t i n  

T H E  

UDC 533.73 

The p rob l em  of t h e r m o m o l e c u l a r  p r e s s u r e  d i f ference  in a round cap i l l a ry  tube is solved 
by the va r i a t ion  method fo r  the l inear ized  BGK model .  P u r e l y  diffusive d i spe r s ion  of 
gaseous  molecu le s  a t  the cap i l l a ry  wails  is s t ipulated in the boundary conditions.  The 
r e s u l t s  a r e  c o m p a r e d  with t e s t  data .  

The p r o b l e m  of t h e r m o m o l e c u l a r  p r e s s u r e  d i f ference  a r i s e s ,  as  a ru le ,  during p r e s s u r e  m e a s u r e -  
men t s  in s y s t e m s  where  the t e m p e r a t u r e  is  not the s a m e  as  the t e m p e r a t u r e  of the p r e s s u r e  p robes .  The 
c o r r e c t i o n  which m u s t  then be added to the ins t rument  readings  to account  for  this t h e r m o m o l e c u l a r  p r e s -  
su re  d i f ference  may ,  at  a suff iciently l a rge  t e m p e r a t u r e  drop and high Knudsen number ,  amount  to a high 
pe rcen t age  of  the mean  p r e s s u r e  in the sys tem.  This  does obviously explain why many  r e s e a r c h e r s  a r e  so 
concerned  about  the p rob l em.  I t  is to be noted, however ,  that  until now the p rob lem of t h e r m o m o l e c u l a r  
p r e s s u r e  d i f ference  was  t r e a t ed  s e m i e m p i r i c a l l y  and that only the e x t r e m e  c a s e s  of v iscous  or  f r e e - m o l e -  
cu la r  conditions have been analyzed theore t ica l ly .  

In this  study he re  the authors  will solve the p rob l em for  any value of the Knudsen number  (Kn denoting 
the ra t io  of m e a n  f ree  path ~ to cap i l l a ry  radius  R). For  the solution,  we apply the va r i a t i on  method [1] to 
the l inea r i zed  BGK model ,  which, when diffusive ref lec t ion  of molecu les  a t  the cap i l l a ry  wal ls  is a s su med ,  
wil l ,  accord ing  to Sone and Yamamoto  [2], t r a n s f o r m  into a l inea r  in tegral  equation with r e s p e c t  to the d i -  
m e n s i o n l e s s  ve loc i ty  of the ave r age  molecule  u: 
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p(z) and T(z) denote r e s p e c t i v e l y  the p r e s s u r e  and the t e m p e r a t u r e ,  s denotes the c r o s s  sec t ion  a r e a  of a 
cap i l l a ry ,  and r denotes the rad ia l  coordinate .  

A l inea r iza t ion  of the p rob lem will make  it poss ib le  to r e p r e s e n t  the ave rage  veloci ty  u as  a s imple  
sum of two independent ve loc i t ies  u I and u 2 due to the p r e s s u r e  gradient  and the t e m p e r a t u r e  gradient  r e -  
spec t ive ly :  

u = u~ ~ u~. 

With (2) taken into account,  Eq. (1) spl i ts  into two independent in tegra l  equations:  
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.TABLE 1. Numerica l  Values of  y 

0 
0,000l 
0,001 
0,01 
0,02 
0,03 
0,04 
0,05 
0,06 
0,07 
0,08 
0,09 
0,1 
0,2 
0,3 
0,4 

1,5045 
1,5043 
1,4996 
1,4763 
1,4603 
1,4483 
1,4386 
1,4305 
1,4236 
I ,4177 
1,4125 
1,4079 
1,4039 
1,3815 
1,3760 
1,3788 

0,5 
0.4996 
0.4979 
0,4862 
0,4765 
0,4681 
0,4608 
0,4540 
0.4477 
0,4417 
0,4361 
0,4307 
0,4256 0,3832 0,3505 0,3236 

0,5 
0,6 
0,7 
0,8 
6,9 

I 
2 
3 

8 

1,3863 
1,3971 
1,4101 
1,4247 
1,4406 
i ,4576 
1,6559 
1,8772 
2,1079 
2,3438 
2,5831 
2,8246 
3,0677 
3,3121 
3,5574 

0,3008 
0,2808 
0,2632 
0,2475 
0,2334 
0,2205 
0,1369 
0,0938 
0,0683 
0,0519 
0,0408 
0,0328 
0,0270- 
0,0226 0,0192 

for  the average  veloci t ies  ul(i = 1) and u2(i = 2). Here  

- - 1 ,  

O l ( r ) =  1 - -  . -4-.  

(s) 

u, = - ~ -  11 + ~Iql, 

(4) 
J2(6 I r - -  r'l) dr', i = 2 ,  

] r - - r ' l  

~R 
u, = ~ l - -  1 + ~..1. (5) 

According to the general  ru les  of var ia t ional  calculus,  we se t  up the following functionals for  Eqs.  (3): 

; ~  [ 8 ~ -  Yo(8,r--r '{)  dr , ]dr .  (6) Fi {~ i  (r)} = ~ ( r ) .  Wi(r) --- 2(]) i (r) - -  -~- ~ ( r ' )  I r - -  r ' i  

is) (s) 

It can be easi ly  shown that  each functional in (6) becomes  minimum as soon as  the t r ia l  functions ~i r e p r e -  
sent  the exact  solutions to Eqs.  (3). The r e f e r r e d  flow ra t e s  Q1 due to the p r e s su re  gradient  and Q2 due to 
the t empera tu re  gradient  a r e  re la ted  to the functionals (6) as follows: 

IO ' 

and 

Q"=~=2<u2>xR% s6I [ .  - - I j ' O ~ ( r )  d r - -m in F . . { ~ ,} ] ,  (8) 
(s) 

where  the ( > symbol denotes averaging over  the capi l la ry  sect ion.  

The choice of quadrat ic  t r ia l  functions ~ i  = Ai rs + Bi and the subsequent minimizat ion of functionals 
(6) with r e spe c t  to the unknown coefficients  A i, B i leads,  a f te r  a few simplif icat ions,  to the following ex-  
p ress ions  for the r e f e r r e d  flow ra te s :  

1 [ C,, - -  0,25Cn - -  C,, ] 
Q x = - ~ -  1 -'- a C 2 ' (9) CnCn-- ,z 

1 [ 0,5 (C,C n - -  CzC12 ) -i- C2C u - -  CI~C~ ] (I0) 
Q~ = - U  - l + G , c ~  - -  ci~ ' 

where  

4 1~ (8) -~ 61~ (8) 4- 2812 a (6) --  -~- , Cn= 8 ~ (6) -- ll~ (6) - -  1~ (6)1 -- ~-~ , , 

C~. =: 8 1 ~ (8) + -~- 3 (6) 261~ (6) - -  ; 

c .~  = 8/~ (8): c ,  = 8/~ r 

G = 8 1 o (8) = ~ 13 (8) + 28]~ (8) 
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Fig.  1. C o m p a r i s o n  between the 
theore t i ca l  7 - c u r v e  and t e s t  data 
for: 1) H 2, 2) Ne, 3) Xe, 4) Ar, 5) 
He at  a smoo th  su r f ace ,  6) He at  a 
rough sur face .  

The in tegra ls  

1 

I~ (6) = .[ t 7 (1 - ~:>'J-" J~ (2~t) dt 
0 

m a y  be calculated to any des i r ab le  accu racy ,  by using the 
asympto t ic  r ep re sen t a t i on  of function Jn [3]. 

I t  is  to be noted that  the r e su l t s  obtained by the va r ia t ion  
mc~thod agree  c lose ly  with the numer ica l  solution obtained by 
Loyalka  [4] (the m a x i m u m  d i sc repancy  between both solutions 
is 0.15%, when 8 ~ 1), 

Under s tabi l ized s teady conditions the total  ave r age  v e l o -  
ci ty <u> = ~ul> + (u2~ vanishes .  Then we have  the exp re s s ion  

d pp = V(~) d T_T ; ~ (6) --  Q~ (6) , 

P T Q1 ((~) 
which, when in tegra ted  f r o m  Pl, TI ,  to P2, T2 along the capi l la ry ,  
y ie lds  a s imple  re la t ion  for  the effect  of t h e r m o m o l e c u l a r  p r e s -  
su re  di f ference:  

P~Pl -- (-T~-2) " T, , ~ (11) 

In the case  of  f r e e - m o l e c u l a r  conditions we have T (6 = 0) = 0.5, i .e . ,  the well  known Knudsen fo rmula  
appl ies ;  in the o ther  e x t r e m e  case  of a continuous medium we have 7(8 - -  ~o) = 0; there  is  no t h e r m o m o l e -  
cu la r  effect .  Numer ica l  va lues  of 7 for  5 f rom 0 to 10 have been tabulated.  

A c o m p a r i s o n  between the theore t ica l  r e su l t s  obtained for  a cap i l l a ry  tube and for  a plane gap [5] in-  
d ica tes  a weak dependence of the t he rm om olecu l a r  effect  on the geomet ry  of the channel sect ion.  

The theore t ica l  T - c u r v e  is com pa red  in Fig. 1 with the t es t  data in [6] and in [7]. We note a v e r y  
c lose  a g r e e m e n t  (within t e s t  accuracy)  for heavy gases  (Xe, Ar) ove r  the en t i re  tes t  range  of the Knudsen 
number .  

In the ca se  of l ight ga s e s ,  however ,  the m a x i m u m  d i sc repancy  between theore t ica l  and t e s t  values  
under f r e e - m o l e c u l a r  conditions is as  high as  5% for  H 2, 10% for  Ne, and 18% for  He a t  a Knudsen number  
Kn ~ 10 2, which can,  apparen t ly ,  be explained by the di f ferent  c h a r a c t e r  of the in terac t ion  between gas  
and cap i l l a ry  su r face .  Th i s  conclusion is based  on a c o m p a r i s o n  between Hobson ' s  tes t  data for He in 
cap i l l a r i e s  with smooth  and rough s u r f ace s  r e spec t ive ly .  

On the bas i s  of this d i scuss ion ,  we conclude that the functional re la t ion  der ived  h e r e  for the t h e r m o -  
m o l e c u l a r  p r e s s u r e  d i f ference  is c o r r e c t ,  which p e r m i t s  us to r e c o m m e n d  this r e l a t i o n  (11) for  the c a l -  
culat ion of the t h e r m o m o l e c u l a r  effect  ove r  the ent i re  r a n g e  of the Knudsen number .  

If  two vo lumes  of a gas  V t and V 2 at  d i f ferent  t e m p e r a t u r e s  T t and T 2 r e spec t ive ly  a r e  connected 
through a cap i l l a ry  tube with a rad ius  R and length L,  then the r e q u i r e m e n t  that  the number  of p a r t i c l e s  
inca s y s t e m  r e m a i n  conse rved  will eas i ly  yield the law accord ing  to which the t h e r m o m o l e e u l a r  p r e s s u r e  
d i f ference  v a r i e s  with t ime:  

where  1 / V  = 1 / V  1 + 1 /V~ ,  k is the Bol tzmann constant ,  and m denotes the m a s s  of molecu les .  

I t  follows f r o m  (12) that  the re laxat ion  t ime  of the p r o c e s s  is 

VL [ m ~/2 
~ - ~ 0 . ~  ~ - 2 ~ - }  " 

Values of Ql for  va r ious  values  of  6 a r e  given in Tab le  1. 

F o r m u l a s  (11) and (12) together  with Table  1 a r e  useful for  p rac t i ca l  calculat ions of the t h e r m o -  
m o l e c u l a r  p r e s s u r e  d i f ference  and the re laxa t ion  t ime ,  for  any gas and for tubes with any c r o s s  section.  
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v = (1 /p )dP/dz ;  
r = ( l i T ) d i n / d z ;  

i i  
Fi 
Kn 
k 
m 

P 
QI, 
R 
S 

T 
U 

N O T A T I O N  

is the index of the effect of thermomolecular pressur  e difference; 
is the rarefact ion number for a gas; 
is the mean free path of gas molecules; 

a re  the tr ial  functions; 
is the functional for the integral equation; 
is the Knudsen number; 
is the Boltzmann constant; 
is the mass of molecules; 
is the pressure ;  
are  the re fe r red  flow due to the pressure  and temperature gradient; 
is the capillary radius; 
is the cross-sect ional  area;  
is the temperature;  
is the velocity of an average molecule. 
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